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Our three models type AK
e The AK model: Y; = AK,
e The Romer model with externality of aggregate per worker capital:

— Production of firm i is equal to Y (i), = AK (z)f H (i)ife Ky
— where k = K;/H;
— and where 6 +n =1

e Government production model

— production function is Y; = K/G}~?

— and the government budget constraint is 7Y; = Gy
e All of these function like AK models

— All fail to have decreasing marginal product to capital
— All fail the Inada conditions

Today: variations on AK models

e Sobelow model: combining Solow and AK models
e Harrod-Domar Model
e Solving an AK model with consumer maximization

e Relating AK models with a model with Human capital

The Sobelow model: Combining Solow and AK



Assume that the production function is

Y, = AK, + BK?H}

This model gives constant returns to scale

AMK, + B(AK)? (ZH,)' ™% = ANK, + ABKYH} % = \Y;

Returns to capital and labor are positive

Y,
S—Ktt = A+0BK!'H! " >0
dY,;

THZ =(1-0)BKH % >0

e and are decreasing (check out the second derivatives)
The Sobelow model: Combining Solow and AK

e The model does not fulfill the Inada conditions (one of them)

e Fails in one of the conditions
The Sobelow model: Combining Solow and AK
e Find the per worker production function

y, = Ak, + BE?

e Use the law of motion of capital with the conditions for savings added

(L4+n)kiyr = (1=0)ke +sf(ke)
(1 —06) ks + sAk; + sBE?

e Write as the growth rate of capital

(kegy1 — k)

’ =sA+sBk!™t — (n+96)
t

(I1+n)y,=(1+n)
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The Sobelow model: Combining Solow and AK
The Sobelow model: Combining Solow and AK
Harrod-Domar Model

e Very early growth model
— Harrod (1939), Domar (1946)

e Based on Leontief production functions

)/t = min [14[(137 BHt]

e which in per worker terms is

yr = min [Aky, B]

e this says that

— if k; is small enough so that Ak; < B, then y, = Ak,
— if k; is big enough so that Ak; > B, then y, = B

e The dividing point is when k; = B/A

Harrod-Domar Model (the production function)
Harrod-Domar Model

e The usual law of motion of capital is

(]. + TL) kt+1 = (1 — 5) ]Ct + Sf(kt)
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e This now needs to be written as

_f sAky—(n+6)k if k<BJA
(1+n)(kt+1kt)—{ sB — (n+6) k if k>B/A

e Or as )
e ={ S5 s) it S Ba
Harrod-Domar Model (three possible equilibria: 1)
e equilibrium is at k=0
Harrod-Domar Model (three possible equilibria: 2)
e stationary state at k* but not all capital is utilized
Harrod-Domar Model (three possible equilibria: 3)
e Knife edge equilibrium
Harrod-Domar Model (possibility 3)
e If initial &k is above B/A, the economy goes to k* = B/A
e if initial k is below B/A, the economy stays there (no growth)

e Harrod and others at the University of Cambridge argued

— the savings rate is not constant
— with higher growth, the savings rate grows

— workers have different savings rate = marginal propensity to save
than capitalists
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two CES sub-utility functions
T T

u(c)

— as economy grows, more income goes to the workers and the savings
rate declines

— think about what this means
Optimizing AK: CES sub-utility functions
e Constant elasticity of substitution sub-utility functions

¢
uler) = tl—a

e « is the inverse of the elasticy of intertemporal substitution
CES sub-utility functions
e CES and log utility: fact

=1
lim —— =1In¢g
a—l 1 —q«

e Note: if we just put in @ = 1, we have

=1 g t-1 1-1 0

l—-a  1—-1 0 0

e need to use 'Hopital’s rule

1—a d(e,”"-1) 1

. c —1 . e . —¢ “lne
lim = lim dar =lim —4+—— " = lng
a—1 1 — a—1 d(lfa) a—1 —
da

First model: AK with optimization of consumers



e Households maximize
11—« 1

_ — ot G  —
Uo = Z B 1—a
t=0
e with the budget constraints
kt+1+ct :yt"_(l_a)kt
e and the production function

yr = Ak

AK with optimization of consumers

e We will solve for constant growth paths (so we don’t need the full policy
function)

e Need first order conditions (necessary conditions)
e Use the Lagrangian
L:iﬂf {Ctl_a_l+xt(kt+1 e — Aky — (1= 6) ky)
P l-«a

AK with optimization of consumers

e Fisrt order conditions are

oL .
0. c;,“+ A =0
oL
8k‘s+1 - )\s - /\s+1/6 [A + (1 - 5)] =0

SO

(=) =s1a+a-a).

Cs
AK with optimization of consumers

e Growth rate of consumption is (from the first order conditions)

vi= (S8 o1) = st as ot -1,

e Growth rate of capital we find from
I{it+1 — kit = Ak‘t — 6kt — Ct
and divide both sides by k; to get

kiz1—k c
k t+1 t t
I in L Ay Py, S
¢ kt kt



e Note that to have a constant growth rate of capital ¢;/k; needs to be
constant

AK with optimization of consumers
e if ¢;/k; is a constant, then 7§ = yF = ¥ = *
e Using this fact and combining the two growth rate equations, we get

3%[A+(1_5)]é_1:,4_5_%

e In a stationary state growth path, ¢/k must be

c

E:A—a—ﬁé[AH—a]iﬂ

e Everything on the right hand side are parameters, so we solve for ¢/k and

then can find

r_a_gs-¢
Yr=A-6 =

AKX with optimization of consumers (Example)
e Consider an economy with A =1, =3, =.1, = .98.

e Then
c

%:1—.1—.98%[14-1—.1]%—&-1

o ¢/k=0.66975

e and

*=1-.1-0.66975 = 0.23025
e So the steady state growth rate is 23.025%
Finding the savings rate
e The budget constraint give us
St =Yt — Ct

and the saving rate (as a fraction of output) is

si_ @
Yt Yt
e The production function is
yr = Aky
we we can write
~ 1
s=t 1 1 % 1 2066975 = 0.33025
Yt Yt Ak, 1



AK with optimization of consumers

e Need to check if the utility function is well defined
o If

—

clmo
=yt
we have a problem
e Need to find the conditions under which this has a finite value
AK with optimization of consumers
e Given a constant growth rate of consumption, 7§ = v*, we can write

o = (1449
= BE[A+(1-8)" co

e From
ZBtCt - _ ZBtCt -
> 1
_ t 1—a
- 1—at§;;ﬁct T-—a)(1-5)
e we need

Zﬁtl «

AK with optimization of consumers
e Substituting in our calculation for consumption, we have

Zﬁ (8% A+ -0)F o) T =S (81 + (- o)) )

t=0

e and we need

BBA+(1-8) " <1

e which occurs when
A+ (1-8)]" Y < gt

e Note that for our example we are using @ = 3, so the condition for the

example is
1

1
Ara-0F B
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AK with optimization of consumers

e Result:

e We can find an equilibrium with optimizing consumers in a model with
AK production function

We find the constant growth rate path

There, all variables grow at the same rate

Need to check that the transversality condition holds and therefore that
utility is difined

Second model: AK models as models of human capital

e We can consider the conditions under which a model with production that
uses human capital can become an AK type model

e Consider the production function
Y, = BK?H}~?
e and assume that both one unit of capital and one unit of human capital
can be produced with one unit of the good, so the budget constraint can

be written as (we assume that depreciation is the same for both types of
capital)

Kiy1 +Hipn = wiHy +ri K+ (1 - 60) Hy + (1 - 6) K.

AK models as models of human capital
e The return on a unit of human capital is w; —
e The return on a unit of physical capital is r; — ¢

e In equilibrium, these returns must be equal (since the cost of a unit of
each is the same)

e From competitive factor markets, we have
wy =(1-0)BKH " = (1-6) -~

and
Y;

re=60BK]"'H/ 7’ = b% -

AK models as models of human capital
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e Since depreciation is the same for both physical and human capital, the
equilibrium condition is

Wt = T¢
e This can be written as v Y
1-60) L =0-L
( )Ht Kt
e which can be simplified to get
1—
H, = ( 7 9) K;.

AK models as models of human capital

e Putting this last result into the production function, we get that in equi-
librium

1-0 1-6
Y, = BK’H!%=BK/ (GKt>
1-6
_ 5 (1 ; 9) X,
= AK,

where the constant A is simply

1-0 1-0
A=B|— .
(%)

AK models as models of human capital

e Result:

with same depreciation rates and same cost of production,

a model of production with production function

Y, = BKH}™?

becomes a model with production

Y, = AK,

e where
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