
1 Optimizing in an AK model

Suppose that

U0 =
1X
t=0

�tu (ct)

with the budget constraints

kt+1 + ct = yt + (1� �) kt

and
yt = Akt

Suppose that we use the CES sub-utility function

u (ct) =
c1��t � 1
1� � :

Here, � is the inverse of the elasticity of intertemporal substitution. The
Lagrangean can be written as

L =
1X
t=0

�t
�
c1��t � 1
1� � + �t (kt+1 + ct �Akt � (1� �) kt)

�
and the �rst order conditions are

@L
@cs

= c��s + �s = 0

@L
@ks+1

= �s � �s+1� [A+ (1� �)] = 0

so �
cs+1
cs

��
= � [A+ (1� �)] :

This implies that


ct =

�
cs+1
cs

� 1
�
= �

1
� [A+ (1� �)]

1
� � 1;

where 
ct is the growth rate of consumption. In equilibrium, consumption
growth is constant and is lower as � is larger, is larger as � is larger.
To �nd the equilibrium growth rate of capital, write the budget constraint

as
kt+1 � kt = Akt � �kt � ct

and divide both sides by kt to get


kt =
kt+1 � kt

kt
= A� � � ct

kt
:
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To consider a constant growth rate economy, 
kt = 

k, the ratio of consumption

to capital must be a constant, the part ct
kt
of the above equation must be a

constant. For that to hold, it must be the case that 
kt = 
ct , and since
yt = Akt, 


y
t = 


k
t = 


c
t .

Combining the two results implies that

�
1
� [A+ (1� �)]

1
� � 1 = A� � � ct

kt

and in a stationary state growth path the ratio between consumption and capital
is

ct
kt
= A� � � �

1
� [A+ (1� �)]

1
� + 1

The utility function is

U0 =
1X
t=0

�t
c1��t � 1
1� �

and we need to consider under what conditions this has a �nite value when
consumption grows at the constant rate


ct = �
1
� [A+ (1� �)]

1
� � 1;

If it grows at this constant rate, we can write ct as

ct = (1 + 
ct)
t
c0

= (� [A+ (1� �)])
t
� c0:

For the utility function to be �nite, we need
1X
t=0

�t
c1��t � 1
1� � =

1X
t=0

�t
c1��t

1� � �
1

1� �

1X
t=0

�t

=
1

1� �

1X
t=0

�tc1��t � 1

(1� �) (1� �)

to be �nite and this means that
1X
t=0

�tc1��t

must be �nite. Replacing ct from above, this gives
1X
t=0

�t
�
(1 + 
ct)

t
c0

�1��
= c1��0

1X
t=0

�
� (� [A+ (1� �)])(

1��
� )
�t

so we need that
� (� [A+ (1� �)])(

1��
� ) < 1:

This gives
[A+ (1� �)]1�� < ��1

as the condition we need to be sure of a �nite value for the discounted utility.
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